We extend the de nition of the Kobayashi pseudodistance to almost complex manifolds and show that its familiar properties are for the most part preserved. We also study the automorphism group of an almost complex manifold. We give special consideration to almost complex structures tamed by some symplectic form. The notions and pseudoholomorphic curves involved are illustrated in some examples.
Introduction
The 1 this Kobayashi pseudodistance d M is a distance, it can be used to obtain information about holomorphic mappings to or from M; in this situation M is said to be (Kobayashi-) hyperbolic. Some references for Kobayashi hyperbolicity are 8, 10, 11, 17, 21] .
An almost complex manifold (M 2n ; J) is a smooth manifold of dimension 2n equipped with a smooth eld J of automorphisms of the tangent spaces of M 2n , which satisfy J 2 = ?1. Such induced by the standard complex structure. Using such pseudoholomorphic disks, the de nition of the Kobayashi pseudodistance can be carried over to almost complex manifolds. Many proofs of standard results about d M in the almost complex case are similar to known ones from the complex situation; results of this kind will be merely noted in passing where appropriate. However some facts need a treatment involving new ideas. We will emphasise such results. To deal with them we apply the Gromov pseudoholomorphic curve technique which was considerably developed in symplectic geometry during the past decade ( 7, 19] ).
A symplectic manifold (M 2n ; !) is a smooth manifold M 2n together with a closed and nondegenerate (! n 6 = 0) 2-form ! on M 2n . In the famous paper 7]
Gromov showed how to use almost complex structures to prove new results in symplectic geometry. He proved the existence, on each symplectic manifold, of almost complex structures J satisfying !(v; Jv) > 0 for any v 6 = 0 in TM 2n . Such an almost complex structure is called tame, and ! is said to tame J. Pseudoholomorphic mappings f : S ! (M 2n ; J) from Riemann surfaces S yield information about (M 2n ; !) when ! tames J. In the paper 1] Bangert used a technique of hyperbolic complex analysis called Brody reparametrization to prove that the standard symplectic torus (T 2n ; ! 0 ) contains a entire J-holomorphic line for any J taming ! 0 . In the preliminary version of this paper 12] we independently treated the Brody criterion for the nonintegrable almost complex case. We consider the connection of our results with that of Bangert and outline an alternative proof of his theorem in section 4.
The taming condition has some bearing on hyperbolicity of almost complex manifolds. Roughly speaking, two conditions { tameness and hyperbolicity { are opposite to each other in the large. This makes possible connections 2 with symplectic geometry rather awkward as we discuss in the conclusion. This paper was initiated during the visit of the rst author to the University of Tromsoe. He thanks professor V. Lychagin and other mathematicians in the Department for their hospitality and kind attention. (ii) Pseudoholomorphic mappings between almost complex manifolds are distance nonincreasing with respect to the Kobayashi pseudodistance.
As in the case of complex manifolds, d M is nite on any almost complex manifold, but this requires an existence theorem for pseudoholomorphic disks due to Nijenhuis where multiplication is with respect to the complex structure on IR Kobayashi hyperbolicity implies Brody hyperbolicity. Brody 4] discovered that for complex manifolds the converse holds under the additional condition of compactness. As is usual, we take the term hyperbolic to mean Kobayashi hyperbolic, and denote other hyperbolic properties by a pre x.
We shall sometimes need to consider hyperbolicity of subsets of almost complex manifolds; the de nition is simply that the subset has a hyperbolic open neighborhood. In particular we will encounter hyperbolic manifolds with boundary, which for us will always be contained in a larger almost complex manifold. Thus the term compact manifold means possibly with boundary. Note that our terminology here is not consistent with standard terminology in the theory of complex manifolds. On the other hand, if a manifold is compact and has no boundary, we use the term closed manifold.
The following is a version of Brody's theorem 4] for almost complex manifolds:
Theorem 2: (i) Let and assume that all the points f k (0) lie in the compact set K 0 . We will show that M is not hyperbolic. We can extract a subsequence to assure that f k (0) ! p 2 M. Let K be a compact set with p an interior point on which J is tamed by an exact symplectic form, and let r k be the supremum of radii r 1 such that f k (rD j ) K. Gromov 
The automorphism group
In contrast to the complex case, generic almost complex structures admit no local automorphisms other than the identity and so the group Aut(M 2n ; J) is usually trivial. The obstruction theory for local and formal automorphisms of almost complex manifolds was developed in 13]. However in practice we usually need criteria for this generic property. Here we give one connected with the notion of hyperbolicity.
It is a result of Kobayashi 10] that the automorphism group of a closed (usually called just compact in the literature but with the assumption of empty boundary) hyperbolic complex manifold is nite. This is also true in the almost complex case. For closed almost complex manifolds, the group of pseudoholomorphic di eomorphisms of the manifold to itself is a Lie transformation group, when equipped with the topology of -convergence, i.e. uniform convergence on compact sets of the mappings and their derivatives through the third order, as was proved by Boothby, Kobayashi The exponential mapping is globally de ned since M 2n was assumed closed. Now (M 2n ; J) was assumed hyperbolic and so such a nonconstant pseudoholomorphic curve cannot exist. Hence G is trivial and thus G is discrete.
We must now show that G is compact. Since M is compact and second countable, G is second countable. So it is enough to prove that any sequence ' k 2 G has a -convergent subsequence. In the following, each time we extract a subsequence, we give it the same notation as the original sequence. which contradicts hyperbolicity. Note also that we might obtain the boundness of the sequence of derivatives by the nonlinear Schwarz lemma of 7] using the compactness. Such a Schwarz lemma also holds for higher derivatives The above result is the analog of the known su cient condition for a domain in C j n to be hyperbolic; that it be bounded. For this can be formulated as the statement that a bounded domain in IR 2n with complex structure is hyperbolic if the complex structure can be extended to the standard complex structure on an ambient ball. A statement of this kind is however false for a general almost complex domain where some extra condition such as tameness or standard integrability is not imposed. For S 6 nfp 0 g is di eomorphic to IR 6 so we can essentially impose on IR 6 the restriction of the almost complex structure on S 6 discussed above. Choosing p 0 not to lie on the pseudoholomorphic 2-sphere that we found, and removing a closed ball around p 0 , we obtain a bounded domain in IR 6 (actually an open ball), such that the almost complex structure extends to the whole of IR 6 . Yet this domain is not hyperbolic.
Note that the reasoning above shows that the almost complex structure on S 6 cannot be tamed even on the complement of a small closed ball (globally it is evident since S 6 is not symplectic: H 2 (S 6 ) = 0). Example 3. In Example 2 we saw that not every bounded domain in an almost complex IR 2n with n > 1 is hyperbolic (except maybe for IR 4 ). However theorem 6 implies that every point possesses a neighborhood which is hyperbolic. Thus it follows from theorem 3 that for every almost complex manifold M with nite dimensional (C 1 -)parametrized almost complex structure J ( ) , 2 IR p , the property of (M; J ( ) ) being hyperbolic is open with respect to (the usual) topology on IR p . This can be generalized.
The following statement gives examples of non-integrable hyperbolic almost complex structures on compact manifolds, for example on the product of closed Riemann surfaces each of genus greater than one or on a closed Hermitian manifold with negative holomorphic sectional curvature. Moreover a further generalization is connected with the fact that we can take the C 1 -closure of the set of all tame almost complex structures. This follows from theorem 7.
Another approach to get an almost complex structure of general position on M 2n is based on theorem 7: if we assume hyperbolicity of the almost complex structure on the torus T 2n it can be perturbed into general position with preservation of the hyperbolicity. But then we would need to control our construction in order that this general position property not be destroyed under the gluing.
Note also that in dimension 2n = 4 Bangert's result follows for a subset of all almost complex structures from the paper by Kuksin 15] . Actually he proved that generic almost complex structures are divided into two classes: one has degree equal to an even nonzero number and the other equal to zero. Here degree means the index of the corresponding elliptic operator as in the Gromov theory. The nonvanishing of index is equivalent to the existence of at least deg = ind tori T 2 in a given homology class. Thus for the rst class the existence of entire lines follows. The second case remains unclear with this approach.
Concluding remarks
Note that the Kobayashi-Royden in nitesimal pseudometric F M may also be de ned on almost complex manifolds using the results of Nijenhuis and Woolf 
